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THE ORBIFOLD CHOW RING OF HYPERTORIC DELIGNE-MUMFORD 

STACKS 

YUNFENG JIANG AND HSIAN-HUA TSENG 


Abstract. Hypertoric varieties are determined by hyperplane arrangements. In this paper, 
we use stacky hyperplane arrangements to define the notion of hypertoric Deligne-Mumford 
stacks. Their orbifold Chow rings are computed. As an application, some examples related 
to crepant resolutions are discussed. 


1. Introduction 

Hypertoric varieties (cf. [BDj. [P]) are the hyper kahler analogue of Kahler toric varieties. 
The algebraic construction of hypertoric varieties was given by Hausel and Sturmfels IISl . 
Modelling on their construction, in this paper we construct hypertoric DM stacks and study 
their orbifold Chow rings. 

According to m, the topology of hypertoric varieties is determined by hyperplane ar¬ 
rangements. In this paper we define stacky hyperplane arrangements from which we define 
hypertoric DM stacks. 

Let A be a finitely generated abelian group of rank d and N —> N the natural projec¬ 
tion modulo torsion. Let (3 : Z m —» N be a homomorphism determined by a collection of 
nontorsion integral vectors { 61 , • • • ,b m } C N. We require that /3 has finite cokernel. The 
Gale dual of (3 is denoted by /3 V : (Z m )* —> DG((3). A generic element 6 in DG((3) and the 
vectors {&i, • • • ,b m } determine a hyperplane arrangement 7i = (Hi, • • • , H m ) in N^,. We call 
A := ( N,(3,6 ) a stacky hyperplane arrangement. 

For (3 : Z m —> N in A, we consider the Lawrence lifting (3l : Z m © Z m —> N Jy of (3 where 
Nl is a finitely generated abelian group with rank m + d. The map (3l is given by vectors 
{ 6 pi, • • • , b L1 , • • • , b Lm } C Nl. The generic element 6 determines a Lawrence simplicial 
fan Eg in N L . We call E g = (N L ,H e , [3 l) a Lawrence stacky fan and X(Y, g ) the Lawrence 
toric DM stack. The hypertoric DM stack M.(A) associated to A is defined as a quotient 
stack which is a closed substack of the Lawrence toric DM stack A(E 0 ), generalizing the 
construction of [ HS ]. 

The stacky hyperplane arrangement A also determines an extended stacky fan E = ( N , E, (3) 
introduced in | Jiang], Here E is the normal fan of the bounded polytope T of the hyperplane 
arrangement 7i. The toric DM stack Y(E) defined in | Jiang is the associated toric DM stack 
of M(A). 

To the map f3 we associate a multi-fan Ag in the sense of |HMj . which consists of cones 
generated by linearly independent subsets {b t ,, • ■ ■ ,b ik } in N for {H, • ■ • ,4} C ,m}, 
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see Section|4j We assume that the supp( Ap) = N. We prove that each top dimensional cone in 
A /3 gives a local chart for the hypertoric DM stack M.(A). We define a set Box(Ap) consisting 
of all pairs (v,cr), where a is a cone in the multi-fan A^, v £ N such that v = J2 p . Ca O-ibi 
for 0 < cq < 1. For (v,a) £ Box(Ap) we consider a closed substack of A4(A) given by the 
quotient stacky hyperplane arrangement A(cr). The inertia stack of Ai(A) is the disjoint 
union of all such closed substacks, see Section [H 

We now describe the orbifold Chow ring of A4(A). The multi-fan A^ naturally gives a 
“matroid” Mp. The vertex set is {1, ■ ■ • ,m}, and the faces are the subsets {R, ■ ■ ■ ,ik} Q 
{1, • • • , m} such that {b n , • • ■ , b ik } are linearly independent in N. Note that the faces of Mp 
are the cones in A^. According to ESI , the ordinary cohomology ring of the hypertoric variety 
corresponding to the hyperplane arrangement 7i is isomorphic to the “Stanley-Reisner” ring 
of the matroid Mp. Our result shows that the orbifold Chow ring of hypertoric DM stacks 
is a generalization of the Stanley-Reisner ring of the matroid Mp to the multi-fan A^. Let 
N a p denote all the pairs (c, a), where c G N, a is a cone in Ap such that c = ^ p , C(T a A an d 
a* > 0 are rational numbers. Then N a p gives rise to a group ring 

Q[A„]= ® Q-jAA 

(c,<t)£N A P 

where y is a formal variable. For any (c, cr) £ N a p , there exists a unique element (v,t) £ 
Box(Ap) such that r C a and c = v + s M Pi c_ a m ib t , where m, are nonnegative integers. We 
call (v,r) the fractional part of (c, cr). For (c, a) we define the ceiling function \c] a by 
r c ~U = Cr b i + EftCa m * fc T Note that if « = 0, \c\ a = EftC CT m i b i- For two pairs (ci,Oi), 
(c 2 ,cr 2 ), if cti U is a cone in Ap, dehne e(ci,c 2 ) := fci"| CTl + fc 2 ~| CT2 - [cy + c 2 ] ai ua 2 - Let 
cr e C <Ti U <r 2 be the minimal cone in Ap containing e(ci, c 2 ) so that (e(ci, c 2 ), cr £ ) £ N a p. We 
dehne the grading on QfA^] as follows. For any (c, a), write c = v + E Pi cthen 

deg(y {c ’ a) ) := |r| + m*, 

piQa 

where \r\ is the dimension of r. Note that we have integer grading due to the fact that A 4(A) 
is hyperkahler. By abuse of notation, we write a s y bi . The multiplication is defined by 

(1 1 ) v {ci ’ ai) ■ v {c2 ' a2) ■= i {~^) WA y {ci+C2+<cl ' C2) ' aiVJa2) if ffi U a 2 is a cone in A^ , 

|0 otherwise. 

Using the property of ceiling functions we check that the multiplication is commutative and 
associative. So QfA^] is a unital associative commutative ring. Let Cir(Ap) be the ideal in 
Q[A^] generated by the elements: 

m 

(1.2) £>( 6 ,)/*, eeiV*. 

1=1 

Let A* orb (M(A)) be the orbifold Chow ring of the hypertoric DM stack M(A). We have the 
following Theorem: 
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Theorem 1.1. Let A4(A) be the hypertoric DM stack associated to the stacky hyperplane 
arrangement A. Then there is an isomorphism of graded Q-algebras: 


AUM(A)) - 


Q[A/i] 

Cir(Ap)' 


The orbifold Chow ring of the hypertoric DM stack M.(A) is independent of the generic 
element 6 . It only depends on the map (3. 

Theorem 11.11 is proven by a direct approach. The inertia stack of a hypertoric DM stack 
M.(A) is the disjoint union of closed substacks M.(A(cr)) for all (v,a) G Box(Ag). To 
determine the ring structure, we identify the 3-twisted sectors as closed substacks of M.(A) 
indexed by triples ((vi,< 7 i), (v 2 ,a 2 ), (^ 3 , 03 )) in Box(Ag ) 3 such that it + V 2 + V 3 G N is a 
integral linear combination of bf s. We then determine the obstruction bundle over any 3- 
twisted sector and prove that the orbifold cup product is the same as the product of the ring 
QfA^] described above. 

The multi-fan is equal to the simplicial fan £ in £ induced from the stacky hyperplane 
arrangement A if and only if Ti has n hyperplanes {Hi, ■ • • , H n } whose normal polytope is a 
product of simplices. So in this case £ is a stacky fan and the simplicial fan £ is a product 
of normal fans of simplices, the toric variety A(£) is a product of weighted projective spaces. 
Then by [ BD j the associated hypertoric variety is the cotangent bundle of the toric variety 
A(£). So M.(A) — T*T(£), the cotangent bundle of the toric DM stack T(£). The ring 
Q[A^] coincides (as vector spaces) with the deformed ring Q[iV] s as defined in [BCS] . 

Corollary 1.2. Let £ be as above. Then there is an isomorphism of Q-vector spaces 

AUM(A)) ^ AUX(£)). 


Here is an example which shows that the orbifold Chow ring of A4 (M) is not isomorphic as a 
ring to the orbifold Chow ring of the associated toric DM stack T(£). Consider the weighted 
projective stack P(l, 2) which is a toric DM stack with stacky fan £ = (N, £,/?), where 
N = Z, (3 : Z 2 —> N is given by the vectors b\ = ( 1),&2 = (—2) and £ is the simplicial fan 
in the lattice N consisting cones p\ and p 2 generated by b\ = (1) and 62 = (—2) respectively. 
The Gale dual map f3 v : Z 2 —> Z is given by the matrix (2). Choosing generic element 
9 = (1) G Z, we get a stacky hyperplane arrangement A = ( N,f3,Q ). The hypertoric DM 
stack M.(A) is the cotangent bundle T*P(1, 2) whose core is the toric DM stack P(l, 2). Both 
QJA^] and Q[A] S are generated by y bl , y b2 , and . According to Theorem 1.1 and the 

main theorem in [BCS], their orbifold Chow rings are given as follows: 


A; rfe (T(£);Q) = 


,x 2 ,v\ 


(xi - 2 x 2 , v 2 - x 2 , vxi, XiX 2 ) (n 3 ) 


A: rb (M(M);Q) = 


Q[xi,a:2, v] 


Q[ar 2 , v] 


(Xi — 2 X 2 , X\X 2 , VXi, v 2 ) (x 2 , vx 2 , v 2 ) 

It is easy to see that these two rings are not isomorphic. Thus the orbifold Chow ring of 
a hypertoric DM stack is not necessarily isomorphic to the orbifold Chow ring of its core. 
(However, their Chow rings are isomorphic, see Theorem 1.1 of [HS].) This also proves that 
the orbifold Chow ring has no homotopy invariance property. We remark that the core of 
a general hypertoric DM stack can be singular, it is not clear how to define orbifold Chow 
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ring. But in the case of a cotangent bundle over weighted projective space, the core is the 
weighted projective space and the orbifold Chow ring is well-defined. On the other hand, the 
orbifold Chow ring of a Lawrence toric DM stack is isomorphic to its associated hypertoric 
DM stack, see cm- 

Computations of orbifold cohomology rings of hypertoric orbifolds in symplectic geometry 
have been pursued in [GHl. 

This paper is organized as follows. In Section [2] we discuss the relation between stacky 
hyperplane arrangements and extended stacky fans. We define hypertoric DM stack M.(A) 
associated to the stacky hyperplane arrangement A. In Section [3] we discuss the properties of 
hypertoric DM stacks. In Section [4] we determine closed substacks of a hypertoric DM stack. 
This yields a description of its inertia stacks. We prove Theorem 11.11 in Section [5j and in 
Section 1 we give some examples. 

Conventions. In this paper we work entirely algebraically over the held of complex numbers. 
Chow rings and orbifold Chow rings are taken with rational coefficients. By an orbifold we 
mean a smooth Deligne-Mumford stack with trivial generic stabilizer. We refer to [BCS ] for 
the construction of Gale dual ( 3 V : Z m —■> DG ((3 ) from /3 : Z m —■> N. We denote by N —■> N 
the natural map modulo torsion. For cones 04 , er 2 in M d , we use 04 U <72 to represent the set 
of union of the generators of 04 and cr 2 . 

Acknowledgments. We would like to thank the referee for the nice comments of Remark 
12.41 and Kai Behrend, Megumi Harada, Nicholas Proudfoot for valuable discussions. 

2. The Hypertoric DM Stacks 

In this section we define hypertoric Deligne-Mumford stacks, mimicking the construction 
of hypertoric varieties in I IIS .. 

Stacky hyperplane arrangements. We introduce stacky hyperplane arrangements. We 
explain how a stacky hyperplane arrangement gives extended stacky fans. 

Let N be a finitely generated abelian group and (3 : Z m —> N a map given by nontorsion 
integral vectors { 61 , We have the following exact sequences: 

(2.1) 0 —> DG(py -^ Z m —* Coker(p) —> 0, 

(2.2) 0 —> N* —> Z m DG ( fi ) —> Coker(/3 v ) —> 0, 

where (3 V is the Gale dual of (3 (see [ BCS] ). The map (3 V is given by the integral vectors 
{ai, • • • ,a m } C DG((3). Choose a generic element 6 e DG({3) which lies in the inage of (3 V 
and let -0 := ( 74 , • • • , r m ) be a lifting of 6 in Z m such that 9 = —(3 v, ip. Note that 6 is generic if 
and only if it is not in any hyperplane of the configuration determined by (3 V in DG{(3) r. Let 
M = N* be the dual of N and M K = M M, then Mr is a d-dimensional M-vector space. 
Associated to 6 there is a hyperplane arrangement TL = {Hi, • • • , H m } in Mr deffiied by Hi 
the hyperplane 

(2.3) 


Hi := {f 6 M r | <bt.v > +r\ = 0} c Mr. 
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So (12.3ft determines hyperplane arrangements in Mr, up to translation induced by the choice 
of the lifting -0 := (r l5 • • • , r m ). 

Definition 2 . 1 . We call A := ( N,/3,0 ) a stacky hyperplane arrangement. 

It is well-known that hyperplane arrangements determine the topology of hypertoric vari¬ 
eties B23- Let 

m 

r = p| Fi, where = {« 6 M R | < 6 *, v > +n > 0 }. 

2—1 

Let X be the normal fan of T in Mr = with one dimensional rays generated by b\, ■ ■ ■ ,b n . 
By reordering, we may assume that H i, • • • , H n are the hyperplanes that bound the polytope 
r, and H n+ \, • • • , H m are the other hyperplanes. Then we have an extended stacky fan X = 
(. N , X, (3) defined in Jiang), where (3 : Z m —> N is given by {&!,■•• , b n , b n+ \ , • • • , b m } c N, 
and {b n+ i, ■ ■ ■ ,bm} are the extra data. 

By E iang|, the extended stacky fan X determines a toric Deligne-Mumford stack JL(X). 
It is the same stack as in I K'S . Its coarse moduli space is the toric variety corresponding 
to the normal fan of T. According to Ed. a hyperplane arrangement 7i is simple if the 
codimension of the nonempty intersection of any l hyperplanes is l. A hypertoric variety is 
the coarse moduli space of an orbifold if the corresponding hyperplane arrangement is simple. 

Example 2.2. Let H = {Hi, H 2l H 3 , H A }, see Figure 1. The polytope T of the hyperplane 
arrangement is the shaded triangle whose toric variety is the projective plane. The extended 
stacky fan is given by the fan of the projective plane P 2 and an extra ray (0,1). 


double 




Figure 1: The correspondence of the hyperplane 
arrangement and an extended stacky fan 

Remark 2.3. If for a generic element 9 6 DG(/3 ) the hyperplane arrangement Tt bounds a 
polytope whose normal fan is X, then X = (. N , X,/J) is a stacky fan defined in [ BCS] . 

Lawrence toric DM stacks. Consider the Gale dual map /? v : —■> DG(/3 ) in (12.21) . We 

denote the Gale dual map of 

(8 y —8 V ) 

Z m © Z m ’ DG(P) 

by 

(2.4) (3 l : Z 2m -> N l , 

where A^^ is a lattice of dimension 2m — (m — d ). The map (3^ is given by the integral vectors 
{be, i, • • • , &L,m, b' L i, • • • , b L } and (3l is called the Lawrence lifting of [3. 
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Remark 2.4. Consider the following commutative diagram for which the rows are exact: 


[0,1] [i,o]* 

Z m - z 2m -— 


z m 

DG{(3)^^DG((3), 


[1,1]* 

[1,-1] 


( (/3 v ,-/3 v ) 


where [1, l] 4 represents the transpose of the matrix. Taking Gale dual to the above diagram 
yields the following commutative diagram: 


[ 0 , 1 ]* [ 1 , 0 ] 

Z m ~—- Z 2m ~—- 

[i,i] [i,-i]* 

id, Pl 

Z m --- n l -- 8 


z m 

0 

N. 


So from the functoriality of Gale dual we have Nl = N © Z m . Since (/3 V , — /3 V ) = /3 V © 0, we 
get that /3 L = (3 © id. So {b L , i, • • • , b L rn , b' L1 ,--- , b L m } are the vectors 

{(fei, ei), • • • , {b mi e m ), (0, ei), - • • ,(0, e m )}, 
where {e*} are the standard bases ofZ m . 


Given the generic element 9 , let 9 be the natural image of 9 under the projection DG(/3 ) —> 
DG(/3). Then the map /? V : Z m — > DG(/3 ) is given by /? V = (jdi, • • • ,a m ). For any basis of 
DG(/3 ) of the form C = {d %1 , • • ■ , di m _ d }, there exist unique Ai, • • • , A m -d such that 

© 1 A 1 + • • • + ai m _ d Xm-d — Q- 

Let C[^i, • • • , z m , w\, ■ ■ ■ , w m ] be the coordinate ring of C 2m . Let 

a(G, 9) = {b L)ij |A j > 0} U {b' L i .\ Xj < 0} and C(9) = {z tj jXj > 0} U {w l:j | < 0}. 

We put 

(2.5) Tq := (n C{9) \ C is a basis of DG(f3)^, 
and 

(2.6) Y*q := {a(C, 9) : C is a basis of DG(/3)}, 

where a(C, 9) = {b Ly i, • • • , &L,m, t> L l5 • — , b Lm } \<j(C,6) is the complement of a(C,9) and 
corresponds to a maximal cone in Eg. From [ HSJ . T,g is the fan of a Lawrence toric variety 
X(Eg) corresponding to 9 in the lattice Nl, and Ig is the irrelevant ideal. The construction 
above establishes the following 

Proposition 2.5. A stacky hyperplane arrangement A = ( N,/3,9) also gives a stacky fan 
E g = (N L ,Z e ,(3 L ) which is called a Lawrence stacky fan. 

Proof. From Proposition 4.3 in ’1 ISj . E e is a simplicial fan in N L . The rays pL,i, p Li are 

generated by b Lji , b L i . The map (3 L is the map (J2T4]) given by {b LA , ■ ■ ■ , b L>m , b' L1 , • • • , b' L m }. 
So by [ BCSj . Eg = (Nl, E 9,/3l) is a stacky fan. □ 

Definition 2.6. The toric DM stack T(E g) is called the Lawrence toric DM stack. 
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For the map fff : Z m © Z m —> DG(/3 ) given by (/3 V , — /3 V ), there is an exact sequence 

(2.7) 0 —» N* l —> Z 2m DG{/3) —> Coker(P l) —* 0. 

Applying Homz(—, C x ) to (\2.7\ yields 

(2.8) 1—> fi —> G (C x ) 2 m — >T l —>1, 

where // := HorriziCoker(/3f ), C x ) and T L is the torus of dimension m + d. From [BCS ] and 
Proposition 12.51 the toric DM stack X(Y, e ) is the quotient stack [(C 2m \ V(Ig))/G\, where G 
acts on C 2m \ V(l e ) through the map a L in (12.81) . 

Hypertoric DM stacks. Define an ideal in C [z,w\ by: 

m \ 

(x)iZiWi\ X e DG((3)* I , 
i= i / 

where (/ V )* is the map in ( 12 . 11 ) and (/3 v )*(x)i is the 7 -th component of the vector (/ 3 v )*(x ). 

According to Section 6 in |HS] , /gv is a prime ideal. Let Y be the closed subvariety of 
C 2m \ V(Iq) determined by the ideal (12.91) . Since (C x ) 2m acts on Y naturally and the group 
G acts on Y through the map a L , we have the quotient stack [YjG\. Since Y C C 2m \ V(X 0 ) 
is a closed subvariety, the quotient stack [YjG\ is a closed substack of A’(Se), and is Deligne- 
Mumford. 

Definition 2.7. The hypertoric Deligne-Mumford stack M.(A) associated to the stacky hy¬ 
perplane arrangement A is defined to be the quotient stack [YjG]. 

Example 2.8. Let N = 7L © Z 2 , S the fan of projective line P 1 , and [3 : Z 3 ^ N given by 
{61 = (1,0), 62 = (—1,1), 63 = (1,0)}. Then the Gale dual (3 V : Z 3 —> Z 2 is given by the 

Choose a generic element 6 = (1,1) in Z 2 which determines the fan S. 

The stacky hyperplane arrangement is A = ( N,/3,9 ), G = (C x ) 2 and Y is the subvariety of 
Spec(C[zi,Z2,Z3 ,wi,W2,W3\) determined by the ideal Ipv = (ziWi + zzWz, 2 z\Wi + 2z2 W2)■ Then 
by 0S|, the coarse moduli space is the crepant resolution of the Gorenstein orbifold [C 2 /Z 3 ], 
see Figure 3. The corresponding hyperplane arrangement TL consists of three distinct points 
on the real line K 1 , and the bounded polyhedron is two segments intersecting at one point. 
So the core of the hypertoric variety is two P 1 intersecting at one point. The hypertoric DM 
stack M.(A) is a nontrivial p 2 -gerbe over the crepant resolution according to the action given 
by the inverse of the above matrix. If we change b 2 to (—1,0), we will see an example in 
Section^ that the hypertoric DM stack is a trivial p 2 -gerbe over the crepant resolution. 

3. Properties of Hypertoric DM Stacks 

The coarse moduli space. Each Deligne-Mumford stack has an underlying coarse moduli 
space. In this section we prove that the coarse moduli space of M.(A ) is the underlying 
hypertoric variety. 

Consider again the map /3 V : Z m —> DG(/3) in ( 12 . 21 ) . which is given by the vectors 
(di, • • • , a m ). As in Section 2 , let 6 be the natural image of 6 under the projection DG(/3 ) —> 


matrix 


1 0 1 
2 2 0 
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DG(/3). Then the map /3 V : Z m —> DG(/3) is given by /? V = (cq, ■ ■ ■ ,a m ). From the map 
/3 we get the simplicial fan Eg in (12.6ft . By [ BCSj . the toric variety X(Efl), which is the 
geometric quotient (C 2m — V(Tg))/G, is the coarse moduli space of the Lawrence toric DM 
stack X(Hq). The toric variety A(Eg) is semi-projective, but not projective. In |HSj . from 
(3 V and 9 , the authors define the hypertoric variety Y(f3 v , 9) as the complete intersection of 
the toric variety A"(Eg) by the ideal (12.91) . which is the geometric quotient Y/G. We have the 
following Proposition. 

Proposition 3.1. The coarse moduli space of/A (A) is Y(/3 V ,9). 

PROOF. Let X = (C 2m — V(Ig)). By the universal property of geometric quotients ( [KM ]), 
we have that X Xx(E e ) Y(/3 V , 9) = Y. From Lemma 3.3 in [JTj . the stabilizers of points in X 
are the same as the stabilizers of the points in Y, which are determined by the box elements 
in the Lawrence simplicial fan and extended stacky fan. So we have the following diagram 

M(Afi -- X{E g ) 

□ 

' ’ 

Y{(5\9) c--A(E 0 ), 

which is cartesian. The Lawrence toric variety X(Yiq) is the coarse moduli space of the 
Lawrence toric Deligne-Mumford stack X (Eg). So M. (A) has coarse moduli space Y(f3 v , 9). □ 

Remark 3.2. In [ HS] , the authors began with the map /3 V , and assumed that DG(/3 ) and N 
are free. In our case DG(/3 ) is a finitely generated abelian group, the toric variety A(E^) is 
again semi-projective since E g is a semi-projective fan. The hypertoric variety Y(/3 V , 9) is the 
complete intersection determined by the ideal 112.91) . This reduces to the case in fHS j when 
DG(/3 ) and N are free. 

Independence of coorientations of hyperplanes. From (12.31) . a hyperplane H, is natu¬ 
rally oriented. Changing the orientation of Hi means changing the map (5 by replacing b t by 
-hi. 

Proposition 3.3. Ai(A) is independent to the coorientations of the hyperplanes in the hyper¬ 
plane arrangement Tt = (Hi,-- - , H m ) corresponding to the stacky hyperplane arrangement 

A. 

Remark 3.4. Note that changing coorientations does change the corresponding normal fan 
of the weighted polytope T. 

PROOF. It suffices to prove the Proposition when we change the coorientation of one hyper¬ 
plane, say Hj for some j. Let Tt' = (Hi, ■ ■ ■ , H'-, ■ ■ ■ , H rn ). Then we have a new stacky hy¬ 
perplane arrangement A = (N, f3', 9), where (3' : 7L m —> N is given by {fq, • • • , —bj, • • • , b m }. 
Using the technique of Gale dual in (BCSj . it is easy to check that if the Gale dual /3 V is given 
by the integral vectors /3 V = (ai, ■ ■ ■ ,a m ), then the Gale dual (/T) v is given by the integral 
vectors (f3 ) v = (ai, • • • , —Qj, • • • , a m ). Let : Z m —> 7L m be the map given by e, i—► e, if 
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i 7 ^ j and e 3 i—> —e 3 , then we have the following commutative diagrams: 


IT 


IT 


P 

N 


id 


J 

N, 


(IT 1 )* ■ 
DG(P') 


(Z m )* 

DG(/3). 


Consider the diagram 


(.Z 2m )* 

[/3' v ,-/3' v ] 

DG((3') 


(.Z 2m )* 

[/3 V ,-/3 V ] 

DG{(3). 


Applying Homz(—,C x ) yields the following diagram of abelian groups 


(3.1) 


G 


VI 


G' 


(a L )' 


(C 


X \2 m 


(C 


X \ 2m 


Recall that Y is a subvariety of C 2m \ V(To) defined by the ideal Igv in (12.91) . When we 
change the coorientation of Hj, the ideals do not change, so Y' = Y. By (13.11) . the following 
diagram is Cartesian: 


(3.2) 


<z?o x 

Y x G Y' x G' 


{s,t) 


(■ s,t ) 


VoXVo 

Y x y -► Y x Y' 


where (fio is determined by the map i/j. So the groupoid Y x G =1 Y is Morita equivalent 
to the groupoid Y' x G' =4 W. The stack [Y/G\ is isomorphic to the stack \Y'/G'], and 

M(A) = M(A!). □ 


Remark 3.5. Let S = (. N , £, j3) be the extended stacky fan induced by A. The toric DM stack 
A(S) is the quotient stack [Z/G], where Z = (C n \ V(Jjf)) x (C x ) m_Tl as in [Jiang], and 
is the square-free ideal of the fan £. So every hypertoric DM stack M.(A) has an associated 
toric DM stack A’(X) whose simplicial fan is the normal fan of the bounded polytope T in 
the hyperplane arrangement Tt determined by the stacky hyperplane arrangement A. But by 
Proposition \3.3l M. (*4) does not determine A(X). 

Example 3.6. Consider Figure 1 again. The corresponding toric variety is P 2 . If we change 
the coorientation of the hyperplane 2 , then the corresponding normal fan £ of T changes. 
The resulting toric variety is a Hirzebruch surface. So the associated toric DM stacks are 
different. But the hypertoric DM stacks are the same. 


4. Substacks of Hypertoric DM Stacks 

In this section we consider substacks of hypertoric DM stacks. In particular, we determine 
the inertia stack of a hypertoric DM stack. 
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Let A = (. N , (3, 6) be a stacky hyperplane arrangement and E = (N, E, /3) the extended 
stacky fan induced from A. Let A4(A) denote the corresponding hypertoric DM stack. 
Consider the map f3 : Z m —> N given by {hi, ■ • • ,b m }. Let Cone(/3 ) be a partially ordered 
finite set of cones generated by bi, ■ ■ ■ , b rn . The partial ordering is defined by requiring that 
a -< t if a is a face of r. We have the minimum element 0 which is the cone consisting of 
the origin. Let Cone(N) be the set of all convex polyhedral cones in the lattice N. Then we 
have a map 

C : Cone((3 ) —> Cone(N), 

such that for any a e Cone(/3), C(c r) is the cone in N. Then A^ := ( C,Cone(/3 )) is a 
simplicial multi-fan in the sense of [ HMj . 


Closed substacks. Recall that in Section [2] we have the fan E g for the Lawrence toric variety 
corresponding to ±/? v . Let A (B) = ■ ■ ■ ,bL, m ,b L1 ,- ■ ■ ,b Lm } C Nl be the Lawrence 

lifting of B — {b±, ■ ■ ■ ,b m } C N. We have the following lemma. 

Lemma 4.1. If a e = (b Lth , ■ ■ ■ ,b L ,i k ,b' Ljil , ■ • • ,b’ L ik ) forms a cone in E e , then a = (b h , ■ ■ ■ , b ik ) 
forms a cone in Ap. 

Proof. This can be easily proved from the definition of fan E g in (I2.6H . □ 


For a cone a in the multi-fan A^, let link (a) = {fej : pi + a is a cone in A^}. Then we 
have a quotient extended stacky fan E /a = (N(a), E/cr, /3(a)), where (3(a) : Z / —> N(a) is 
given by the images of (&i}’s in link(a). Let s := |cr|, then dim(N a ) = s since a is simplicial. 
Consider the commutative diagrams 

0 -* Z l+S -> Z m -> Z' 


and 


N 


-> N„ 


0 - 

Applying the Gale dual yields 

0 -> z m - l ~ s 


(4.1) 


and 


(4.2) 


-» Z 


m—l—s 


DG(J3(v)) 


-»■ z m 
a 
N 


m—l—s 


z l+s 


N 


/3 V 

DG(f3) 

> Z l+S 


-»■ 0 


- 0, 


-> 0 




Per 

0 


/3( cr ) 

N(a) - 

-> Z l+S 


-> 0. 


-> 0 


<t> 1 


<t>2 


DG(/3) 


/3 V 

DG0) ■ 

* Z s 

DG((3 a ; 


- 0, 

—* 0 


-»■ 0. 


0 
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Since If = N a , the Gale dual DG(/3 a ) = 0. And again applying the Homz(—, C x ) functor 
to the above two diagrams (14.ip . (14.21) yields 


1 -> G -> G -> ( C>< ) m -z- s -> i 

(4.3) 5 « “ 

1 -> (C X )' +S -* (C X ) m -> ( C x )m-1- S -> 1 ; 

and 


(4.4) 


1 -. 1 -. G 

a 

1 -> (C x ) s -> (C x ) i+S 


G(a) -> 1 

a(a) 

(C X ) / -> 1. 


Since 9 e DG(/3), from the map <f>i in (14.11) 9 induces 9 in DG(/3 ). From the isomorphism 
02 in (14.21) . we get 9(a) G DG(/3(a)). Then A = ( N,(3,9 ) gives A(a) = (N(a), /3(a), 9(a)) 
whose induced extended stacky fan is H/a. 

From (I4.ip . (l4.2p we have the following diagrams 


(4.5) 


Z 2m 

(/3 V ,-/3 V ) 


J2{l+s) 

(P y ,-P v ) GGY-PGY) 


J2{l+s) 


DG(P) - ^DG(P), 

Taking Hom%(—, C x ) gives 

~ <Pl „ 

G - 


DG((3(a)) -»- DG(/3). 


G 


(4.6) 


G(a) 

a{a) L 


(CX)2( ,+ *)-- (C x ) 2m , (C x ) 2 ( i+S )-(C X ) 2Z 


Let X(a) := (C 2 \ V(Tg( a ))) and Y(a) the closed subvariety of X(a) defined by the ideal 


(4.7) 


I/3(a) v ■= ~2((3(a) w )*(x)iZiWi : Vx e DG((3(a))*}, 


i =1 


where (0(cx) v )* : DG(f3(a))* —> Z l is the dual map of /3(a) v and (/3(a) v )* (x)i the z-th com¬ 
ponent of the vector (0(cr) v )*(:r). Then from the definition of hypertoric DM stacks, we have 
M(A(a)) = \Y(a)/G(a )]. We have the following result: 

Proposition 4.2. If a is a cone in the multi-fan A g, then M.(A(a)) is a closed substack of 

M(A). 


PROOF. Let Xg be the irrelevant ideal in (12.51) . The hypertoric stack M.(A) is the quotient 
stack [Y jG ], where Y C X := (C 2m \ V(X e )) is the subvariety determined by the ideal Ipv in 
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Taking duals to (14.lj) . (14.2ft we get: 

0 -> DG(j3)* -* DG(/3y 


Z 


m—l—s 


-> o 


(4.8) 


and 


(TO* 


Z l+S 


-»■ Z ; 


(TO* 

m Ol 


+ Z" 


- 0, 


(4.9) 


0 -* 0 

0 -> z s 


* DG(/3)* — DG((3(a))* -> 0 


(TO* 


♦ Z l+S 


<t> i 

- > 


(TT V )‘ 

Z l -* 0, 


Let W(a) be the subvariety of A" defined by the ideal J(cr) := ( Zi,Wi : pi C a). Then W(a ) 
contains the C-points (z, w) G C 2m such that the cone spanned by {p* : z* = w t — 0} 
containing a belongs to Ap. From Lemma 14.11 the C-point ( z,w ) in W(a) such that pi 
a U link (a) implies that z t ^ 0 or w t ^ 0. It is clear that PF(cr) is invariant under the 
G-action defined by (12.81) . Let V(a) := Y n W(a). Then from (l2.9IUI4.7p and (I4.8IUI4.9I) . 
V(a) = Y(a) x (C x ) m_s_i x (0) m_s ^ and the components 0 are determined by the choice of 
the generic element 9. 

Let <p o : Y(a) —> Y(cr) be the inclusion given by (z,w) i—> {z,w, 1,0). From the map p\ 
in (14.6p . we have a morphism of groupoids p 0 x <pi : Y{p) x G(a) =$ V(a) x G which induces 
a morphism of stacks p : [Y(cr)/G(cr)] —» [V(cr)/G]. To prove that it is an isomorphism, we 
first prove that the following diagram is cartesian: 


Y(a) x G(a) V{a) x G 


( s,t ) 


(s,t) 


Y (cr) x Y(a) ^tV(a) x V(a). 


This is easy to prove. Given an element ((zi,iui), (z 2 ,w 2 )) G Y(cr) x Y(a), under the map 
<p 0 x p 0 , we get ((^i, w x , 1, 0), (z 2 , w 2 , 1, 0)) G V(a) x V(cr). If there is an element j G G 
such that g(z\, Wi, 1, 0) = (z 2 , w 2 , 1, 0), then from the exact sequence in the first row of (14.31) . 
there is an element g(a) G G(cr) such that g(cr)(zi,Wi) = ( z 2 ,w 2 ). Thus we have an element 
((zi, Wi), g(cr)) G Y{a) x G(cr). So the morphism p : [Y(er)/G(cr)] —> \V(o)/G\ is injective. 
Let (z,w,s,0) be an element in V(a), then there exists an element g G (C x ) m_i ^ s such that 
g(z,w,s, 0) = (z, 1,0). From (14.3p . g determines an element in G, so p is surjective and 

p is an isomorphism. Clearly the stack [V(cr)/G] is a closed substack of J\4(A), so the stack 
M.(A(<j)) = [Y(cr)/Gr(cr)] is also a closed substack of M.(A). □ 


Open substacks. We now study open substacks of At (A). Let cr be a top dimensional 
cone in Ap. Then a = (Z d , cr, (5 a ) is a stacky fan, where (5 a : Z d —> N is given by 6, for 
Pi C a. Since N has rank d, we find that DG(/3 a ) is a finite abelian group. So in this case 
the generic element 6 induces zero in DG(f3 a ). This is the degenerate case, which means that 
the corresponding ideal (12.9p is zero. Thus 

y„ = c 2d . 
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Note that G a = Homz{DG(/3 a ), C x ) is a finite abelian group. According to the construction 
of hypertoric DM stack in Section 2, the hypertoric DM stack Ad(cr) associated to a is the 
quotient stack [Y^/Gy which can be regarded as a local chart of the hypertoric orbifold [Y/G\. 

Proposition 4.3. If a is a top-dimensional cone in the multi-fan Ag, then Ad (a) is an open 
substack of A4 (A). 


Proof. Since a is a top dimensional cone in Ag, from (12.21) we get a basis C of DG(/3). 
Let U a be the open subvariety of C 2m \V(lg ) defined by the monomials \\C{6) in (12.51) . Let 
V a = U a fl Y, i.e. the points in U a staisfying (12.91) . Then we have the groupoid V a x G A V a 
associated to the action of G on V a . It is clear that this groupoid defines an open substack 
of M(A). Next we show that this substack is isomorphic to Ad (cr). 

Consider the following commutative diagram: 

0 -> Z d -> Z m -* Z m ~ d -> 0 


0 



p 


N —N 


p' 

0 -> 0 . 


Applying Gale dual and C x ), we obtain 

1 -> G a —G -> (C x ) m - d -> 1 

(4.10) 

1 -* (C x ) d -> (C x ) m -> (C x ) m ~ d -* 1. 

We construct a morphism ip 0 : Y c —> V a . For pj a, we set Zj = 1 if Zj is component of a 
monomial of C{9) in (j2.5|) or Wj = 1 if Wj is component of a monomial of C{6) in (12.5f) . then 
from (12.91) . the corresponding Wj or Zj can be represented as linear component of for 

Pi C a. Let : C 2d —> U a be the morphism given by Zi , ?iy i—> z^Wi for p t C a, and Zj,Wj 
to the corresponding 1 or linear combination of {ziWi} for p* C a in the above analysis. Then 
<po induces a morphism <po : —> V a . Hence we have a morphism of groupoids 


id 


4> := (<p 0 X <p 0 , Po X <pi) : [Y a Y a \ —> [V a x G V a ), 

where is the morphism in (14. 10p . This morphism determines a morphism of the associated 
stacks. The isomorphism of these two stacks comes from the following Cartesian diagram: 


(4.11) 

□ 


.. „ W>X</U t r 

\ CJ x G„ -»■ V„xG 


(s,t) 


(s,t) 


Y„ x Y„ - V„ x V„. 


Inertia stacks. Let N a be the sublattice generated by a, and N(cr) := N/N a . Note that 
when a is a top dimensional cone, N(a) is the local orbifold group in the local chart of the 
coarse moduli space of the hypertoric toric DM stack. Namely: 

Lemma 4.4. Let a be a top-dimensional cone in the multi-fan Ag. Then G a = AT(cr). 
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PROOF. The proof is the same as the proof for a top dimensional cone in a simplicial fan in 
Proposition 4.3 in [ BUS ]. □ 

Recall that G acts on (C x ) 2m via the map a L : G —■> (C x ) 2m in (12.81) . We write 

<x L {d) = ■■■ , a^(g),a^ +m (g), • • • , a£ m (g)). 

Lemma 4.5. Let ( z,w ) G Y be a point fixed by g G G. If a^(g) ^ 1, then Zi = Wi = 0. 

Proof. Since G acts on C 2m through the matrix (3f = [/3 V ,—/3 S/ ] in (12.71) . we have that 
a i+m{h 0 = a i (fiO -1 - The Lemma follows immediately. □ 

Given the multi-fan A^, we consider the pairs (v, cr), where a is a cone in A^, v G N such 
that v = Y Jp . r „ Oijbj for 0 < a* < 1. Note that cr is the minimal cone in Ap satisfying the 
above condition. Let Box(Ap ) be the set of all such pairs ( v,a ). 

Proposition 4.6. There is an one-to-one correspondence between g G G with nonempty fixed 
point set and (v, cr) G Box(Ay). Moreover, for such g and (v, cr) we have \Y 9 /G\ = M.(A(cr)). 

Proof. Let ( v,cr ) G Box(Ap). Since a is contained in a top dimensional cone r in Ay, we 
have v G N(t). By Lemma [4.41 N(r) = G r . Hence v determines an element in G T . Using 
the morphism ipi in (14.101) . we see that g fixes a point in Y. 

Conversely, suppose g G G fixes a point (z,w) in Y, where (z,w) G C 2m . By Lemma 14.51 
the point (,z, w) satisfies the condition that if acf(g) ^ 1 then Zi = Wi = 0. From the definition 
of C 2m \V(lg), there is a cone in containing the rays for which Zi = Wi = 0. By Lemma 
14.11 the rays pi for which Zi = 0 is a cone in A^ which we call cr. So g stabilizes Y r = C 2</ in 
V T through tp o in (14. lip for any top dimensional cone r containing cr, and g corresponds to 
an element ( v,a ) G Box(Ap). From the definition of W(a) and V(a) in Proposition 14.21 we 
have W (cr) ^ Y 9 and [V((t)/G\ = [Y 9 /G\ which is M{A{a)). □ 

We determine the inertia stack of a hypertoric DM stack. 

Proposition 4.7. The inertia stack of A4( A) is given by 

1(M(A)) = ]J M(A(a)). 

(v,cr)eBox(A l s) 


Proof. The hypertoric DM stack _M(M) = \Y/G\ is a quotient stack. Its inertia stack is 
determined as 


I(M(A)) 


H Y> ) / G 

9eG / 


By Proposition 14.61 the stack \Y 9 /G] is isomorphic to the stack A4(M(cr)) for some ( v,a ) G 
Box(Ap). □ 


Example 4.8. Let E = (TV, Y,/3) be an extended stacky fan, where N = Z 2 , the simplicial 
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Figure 2: The correspondence of the hyperplane 
arrangement and an extended stacky fan 


fan £ is the fan of weighted projective plane P(l, 2, 2), and (3 : Z 4 —> N is given by the vectors 
{&i = ( 1 , 0 ), b 2 = ( 0 , 1 ), & 3 = (— 2 , — 2 ), 6 4 = ( 0 , — 1 )}, where b\, b 2 , b 3 are the generators of the 
rays in E. Choose generic element 6 = (1,1) G DG((3) = Z 2 . Then A = ( N,/3,9) is the 
stacky hyperplane arrangement whose induced extended stacky fan is X. A lifting of 6 in Z 4 
through the Gale dual map (3 V is r = (1,1, —3, 0). The corresponding hyperplane arrangement 
Tt = (Hi, H 2 , H 3 , H 4 ) consists of 4 lines, see Figure 2. Take v = | b 3 , then ( v,a ) G Box(Ap), 
where a is the ray generated by 63 . Consider the following diagram 


0 

0 


Z -> Z 4 


z 3 -> 0 



0 


PC) 


N a -> N -> Z © Z 2 -> 0. 


We have the quotient extended stacky fan X/cr = (iV(cr), £/ a, (3(cr)), where [3(a) : Z 3 —> iV(cr) 
is given by the vectors {( 1 , 0 ), (— 1 , 0 ), ( 1 , 0 )}, and ( 1 , 0 ) is the extra data in the quotient 
extended stacky fan. Taking Gale dual, we get 


0 

0 


-> 0 




Z 2 ©Z 2 




+ Z 2 


-»■ 0 


- 0, 


where (3 V is given by the matrix 


2 2 10 
0 10 1 


and (3(ay is given by 


2 2 1 
0 1 0 


The 


associated generic element 6 (a) = (1,1,0) and the lifting of 6 (a) in Z 3 is r(a) = (1,1,—3). 
So the quotient hyperplane arrangement A(a) = (N(a), /3(a), 6 (a)) is a line with three distinct 
points { — 1,1,3}. The bounded polyhedron of this hyperplane arrangement is two segments 
intersecting at one point, see Figure 3. 


-1 1 3 

Figure 3: The bounded polyhedron 


The core of M.(A(a)) corresponds to these two segments, hence is two P 1 ’s meeting at one 
point. Adding the stacky structure the twisted sector M.(A(a)) corresponding to the element 
v is the trivial p 2 -gerbe over the crepant resolution of the stack [C 2 /Z 3 ], 
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5. Orbifold Chow ring of Mi A) 

In this section we discuss the orbifold Chow ring of hypertoric DM stacks. We determine 
its module structure, then compute the orbifold cup product. 

5.1. The module structure. We first consider the ordinary Chow ring for hypertoric DM 
stacks. According to E, the cohomology ring of M (M) is generated by the Chern classes of 
some line bundles defined as follows. Applying Ho r mz(—, C x ) to 02 .21) . we have 

1 —* p —> G (C x ) m — >T —* 1. 

Definition 5.1. For every b t in the stacky hyperplane arrangement, define the line bundle Li 
over M(A) to be the trivial line bundle Y x C with the G-action on C defined via the i-th 
component of the morphism a : G —> (C x ) m in the above exact sequence. 

For any c G N, there is a cone a G A^ such that c = J2 Pi ca a: A where cp > 0 are rational 
numbers. Let N a p denote all the pairs (c, a). Then N a p gives rise a group ring 

Q[A„]= © Q-y^\ 

(c,cr)£N A P 

where y is a formal variable. By abuse of notation, we write yF-rs) as yh ©pg multiplication 
is given in terms of the ceiling function for fans which we define below. Since the multi-fan 
Ay is simplicial, we have the following Lemma. 

Lemma 5.2. For any c G N, there exists a unique cone a G Ay and (v , r) G Box(Ay) such 
that t C cr and 

c — v + mfii 

piCa 

where mi G Z> 0 . □ 

Definition 5.3. (n,r) is called the fractional part of(c,a). 

Now for (c, a) G N a p, from Lemma 15.21 we write c = v + cwhere mf s are 
nonnegative integers. We define the ceiling function \c] a by 

M * = '51 l) i + Z mA; - 

PiQr 

Note that if v — 0, \c\ a = J2 Pi co- m A- For two pairs (ci,cri), ( 02 , 02 ), if op U cr 2 is a cone 
in Ay, define e(ci,c 2 ) := |~Ci~| CT1 + |~C 2 ~|o -2 — [ci + c 2 ] ai Uo - 2 . Let cr e C op U cr 2 be the minimal 
cone in containing e(ci,c 2 ) so that (e(cp, c 2 ), op) G N Ag . The ceiling function \c\ a is an 
integral linear combination of bfs for pi C cr. We define the grading on Q[A^] as follows. For 
any (c, a), write c — v + ^ p . C(T m A; then 

deg(y {c ’ a) ) := |r| + mi, 

Pi no¬ 
where \r\ is the dimension of r. Let Cir(Ay) be the ideal in QfA^] generated by the elements 
in (11.21) . The multiplication yi c i ,<7 i) ■ |/( C2 ’°' 2 ) is defined by (II. ip . 

Lemma 5.4. The multiplication M.l\) is associative. 
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PROOF. For any three pairs (ci, ay), (c2, cr 2 ), (03, 03), if ay U ay U ay is a cone in Ap, let 
a C oy U a 2 U ay be the minimal cone in A^ containing 

e(ci,C2,c 3 ) := rcik + \c2\02 + r c 3 l0-3 — \c\ + c 2 + C3] aiUf72U(T3 , 

such that (e(cy, c 2 , c 3 ), a) G N Af 3 . Then we check from the properties of ceiling function that 
(yhi.ci) . y(c2,a2)^ . y{c 3,0-3) an( y y{ci,ai) . yfaw) . ^(c 3 ,o- 3 )) are both equal to 

j (-l)W\y(.^+^+C 3 +e(c 1 ,c 2 ,cs),a 1 U f T 2 Ua 3 ) if ai |j a2 |j ^ is a cone j n A^ , 

I 0 otherwise. 

It is easy to check that the product preserves the grading, and the proof is left to the readers. □ 


Consider the map f3 : Z m —> N which is given by {61, ■ • • ,b m }. We take {1, • • • ,m} as 
the vertex set. The matroid complex M /3 is defined using (3 by requiring that F G Mp iff 
the normal vectors { bi]i & F are linearly independent in N. The Stanley-Reisner ring of the 
matroid Mg is 

Q[y b \ • • • ,y bm ] 

Im p 

where Im p is the matroid ideal generated by the set of square-free monomials 

{y b h .. ,y b i k • • • , b, ik linearly dependent in N}. 

It is clear that Q[Mg] is a subring of QJAy] under the injection y bi 1 —> y9>up*) m 



Lemma 5.5. Let A = ( N,/3,9) be a stacky hyperplane arrangement and Ai(A) the corre¬ 
sponding hypertoric DM stack, then we have an isomorphism of graded rings 


A*(M(A)) = 


Q [Mp] 
Cir(Ap) ’ 


given by ci(Lj) 1—> y bi , where Cir(Ap) is the ideal generated by elements in HI. 2 1) . 


PROOF. Let Y(/3 V ,9) be the coarse moduli space of the hypertoric DM stack fA(A). By 
[H5] . we have 


A*(Y{(3 y ,9)) = 


Q[Mp\ 


Cir(Ap) ’ 

given by Di 1—> y bi , where is the T -equivariant Weil divisor on Y(f3 w , 9). Let ay be the hrst 
lattice vector in the ray generated by bi, then b, = f a, for some positive integer l t . By m, 
the Chow ring of the stack Ai(A) is isomorphic to the Chow ring of its coarse moduli space 
Y(A,9) via ci(I,*) i-» It 1 • D h and YaLi e ( a i)hy bi = Y^L 1 e (k)y bi for e G N*. □ 


Remark 5.6. Note that we have an isomorphism: 

Q [Mp] ^ Q [y bl ,--- ,y bm ,y b L--- aM 
Cir(Ap) (Cir(Ap), y bl + y b v • • , y bm + y b '™) 

for which the right side is the Chow ring of the Lawrence toric DM stack X{Y,g) defined in 
Definition 1 2. hi see |HS] . So in the DM stack situation A*{M.{A)) = A*(X(Sg)). This point 
of view will be covered and generalized in nn 
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Let A* orb (M.{A)) denote the orbifold Chow ring of M.(A), which by definition is A*(I(M(A))) 
as a group. By Proposition 14.71 we have 

A'(I[M(A))) “ ® 

(v,a)£Box(Af3) 

For (v,a) G Box(Ap), there is an exact sequence of vector bundles, 

0 —> TM(A(a)) —> TM(A)\m{a(cj)) —> N v —> 0, 

where N v denotes the normal bundle of A4(A(cr)) in At (A). On the other hand, there is a 
surjective morphism 

m 

®(L, ® L- 1 ) -> TM(A). 

i =1 

Restricting this to Ai(A(a)) yields a surjective map 

© (L,&Lp)^N v . 

Pi C<t(v) 

Moreover, the element in the local group represented by v acts trivially on the kernel. Let v 
act on Li with eigenvalue e 2nyr ~^ Wi , w here Wi G [0,1) fl Q. It follows that the age function on 
the component M.(A(cr)) assumes the value 

+ (1 - Wi)) = |cr|. 

piCa 

Hence A* rh (Ai(A)) as a graded module coincides with 

® A>(M(A(a)))M. 

(v,cr)EBox(Ap) 

Note that Af rb (A4(A)) is Z-graded, due to the fact that A4(A) is hyperkahler. 

Again since the multi-fan is simplicial, we have the following result, similar to Lemma 
4.6 in | Jiang]. 

Lemma 5.7. Let r be a cone in the multi-fan Ap. If {pi, • • • , p t } C link(r), and suppose 
pi, - • • , p t are contained in a cone a G Ap. Then a U r is contained in a cone of Ap. 

Proposition 5.8. Let At (A) be the hypertoric DM stack associated to the stacky hyperplane 
arrangement A, then we have an isomorphism of graded A* (At (A))-modules: 


Q[Ap] 

Cir(Ap) 


= ® A-(M(A(amdeg(y^>)]. 

(v,cr)£Box(Ap) 


PROOF. We use arguments similar to those in Proposition 4.7 of Jiang|. From Lemma [5.21 
it is easy to see that 

Q[As] = © y^-Q[Mp\. 

(v,cr)£Box(Ap) 

Consider © ( „ >ff)eBoa . (A/0 y {v ’ a) ■ Cir(Ap). It is an ideal of the ring ® {Vi(T)eBox{Afj) y M ■ Q [Mp], 
so 

m v M • QWA 

Cir(Ap) yM.Cir(Ap)' 

V (v,a)£Box(Ap) y V PJ 
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For an clement (v,a) G Box(A/ 3 ), let pi, • • • ,pi G lmk(a). Then we have an induced 
matroid complex Mpt c ), where /3(a) is the map in the quotient stacky hyperplane arrangement 
A(a) and the quotient extended stacky fan S/cr. Similarly from /3(a), we have multi-fan 
Ain N(a). By Lemma PTol A*(M(A(a))) = Q[Mp^)\/Cir(Ap^). For any element 
(v,a) G Box(Ap), we construct an isomorphism 




V 


Q[ M /kk>] 

Cir( Ap (a) ) 


[deg(y M )\ 


y M • Q [Mp] 

y{v,<r) . Cir(Ap )' 


as follows. Consider the quotient stacky hyperplane arrangement A(a) = (N(a), /3(a), 9(a)). 
The hypertoric DM stack M.(A(a)) is a closed substack of M.(A). Consider the morphism 
i : Q [y bl ,... ,y bl ] —> Q [y bl ,... ,y bm ] given by y bi 1 —► y bi . By Lemma 15.71 it is easy to check 
that the ideal lM. 3(a] is mapped to the ideal Im 0 , so we have a morphism Q [Mp^] —> Q [Mp], 
Since Q [Mp] is a subring of Q[Ap], Let dq : Q [Mp^ a f\[deg(y^ v A)\ —> y( v A . Q [Mp] be the 
morphism given by y bi t—> ■y bi . Using similar arguments as in Proposition 4.7 of [Jiang], 

we find that the ideal Cir(Ap^) goes to the ideal pC.C . Cir(Ap), so we have the morphism 
dq, such that dq([ y bi ]) = [y( v ’ a '> ■ y bi ]. 


Conversely, for (v, a) G Box(Ap), since a is simplicial, for p* C a we can choose 0 3 G 
Homz(N, Q) such that O.fbi) = 1 and 6^(6^) = 0 for b t > pi b 3 E a. We consider the following 
morphism p : Q [y bl ,..., y bm ] —> Q[p bl ,..., y bl ] given by: 


{ y bi if pi C link (a), 

~Y! J= idi(bj)y bj if piQa, 

0 if Pi ^ a U link (a). 

Again by Lemma 1577] the ideal Im 0 is mapped by p to the ideal Im ^ (ct) • Then p induces a surjec¬ 
tive map Q [Mp] Q [Mp {a) ] and a surjective map dq : y (v ’ a) • Q [Mp\ -»■ Q [Mp {a) ][deg(y( v ’ a) )\. 
Using the same computation as in Proposition 4.7 in [Jiang], the relations y( v ’ a > ■ Cir(Ap) is 
seen to go to Cir(Ap^f). This yields another morphism 


d>, 


, 0 ,°-) . 


Q [Mp] 


Q[ M /3U)] 


[ deg(yM)] 


' yM ■ Cir(Ap) Cir(Ap {a) ) 
so that = 1, dud?,, = 1. So dq, is an isomorphism. We conclude by Lemma [5.51 □ 


5.2. The orbifold product. In this section we compute the orbifold cup product. First for 
any (ry,< 7 i), (v 2 ,a 2 ) £ Box(Ap), we have the following lemma: 

Lemma 5.9. If a±Ua 2 is a cone in the multi-fan Ap, there exists a unique (v 3 , oq) G Box(Ap) 
such that (Ti U cr 2 U <73 is a cone in the multi-fan Ap and v\ + v 2 + v 3 has no fractional part. 

PROOF. Let v 3 = piy + v 2 ] ai ua 2 — v± — v 2 and a 3 the minimal cone in ay U a 2 containing v 3 . 
Then (iq, < 73 ) satishes the conditions of the Lemma. □ 

The notation (ty, <7 i) + (u 2 , cr 2 ) + (n 3 , a 3 ) = 0 means that the triple ((ry, ay), (v 2 , a 2 ), (tq, cr 3 )) 
satishes the conditions in Lemma [5.91 

By [ CR2] . the 3-twisted sector AJ(M)( 5liff2i53 ) is the moduli space of 3-pointed genus 0 
degree 0 orbifold stable maps to Ad(A). Let P^O, l,oo) be a genus 0 twisted curve with 
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stacky structures possibly at 0,1, oo. Consider a constant map / : P 1 (0,1, oo) —■> AT (Al) with 
image x G AT(M). This induces a morphism 

p : 7T° rb (P 1 (0,1, oo)) —¥ G x , 

where G x is the local group of the point x. Let % be generators of 7r° rb (P 1 (0,1, oo)) and 
9i := Pili)- The gi fixes the point x. By Proposition 14.61 corresponds to an element 
(ui,<7,:) G Box(Ag). An argument similar to that in Proposition 6.1 in [BCS] shows that 
3-twisted sectors of the hypertoric DM stack AT (A.) are given by 

(5.1) ]^[ M(A(<t 123 )), 

((vi,rTl),(v2,rT 2 ),('‘’3,^3))&Box(Ap) 3 ,(v 1 ,(T 1 )+(v2,a2)+(v3,a3)=0 

where a 123 is the cone in Ag satisfying V\ + v 2 + v 3 = ^2 p . C(T123 a * = 1>2- Let eVi : 
Ad (M(ai 23 )) —>► AT(M(< 7 j)) be the evaluation map. We have the obstruction bundle (see 
(CRlj i Ob ( vl!V2tV3 ) over the 3-twisted sector AT(* 4 .(< 7 i 2 3 )), 

(5.2) Ob {vi , V2 , V3) = (e*T ( M(A )) <g> H\C, O c )) H 

where e : AT(M(ay 23 )) —> A 1(A) is the embedding, C —> P 1 is the H -covering branching 
over three marked points {0,1, 00 } C P 1 , and H is the group generated by vi,v 2 ,v 3 . Let 
(v,a) G Box(Ag), say v G N(t) for some top dimensional cone r. Let ( v,a ) G Box(Ag) 
be the inverse of v as an element in the group N(t). Equivalently, if v — Yl P c f° r 
0 < ati < 1, then v = ^ p . g<T (l - a 

Lemma 5.10. Let (ty, oy), (v 2 , cr 2 ), (v 3 , a 3 ) G Box(Ag) such that ty + v 2 + v 3 = 0. Then if 
v 1 + v 2 + v 3 = Ys Pi ca 123 Vi + v 2 + v 3 = J2 Pi ca 123 C A, where ey, c* = 1 or 2, then a* + c; = 2 
or 3. 

Proof. Let Vi = 'f2 PjCa . ajh,-, with 0 < a* < 1 and i = 1,2, 3. Then ?y = ^^. C(T .(1 — ofybj. 
From the condition we have a j + aj + aj = aj = 1 or 2 and (1 — aj) + (1 — aj) + (1 — aj) = 
Cj = 2 or 1 . So if pj belongs to cri, <72 and < 73 , then aj, aj, aj exist and if % = 1 or 2, then 
Cj = 2 or 1. If pj belongs to ay, < 7 2 , but not cr 3 , then a ) 3 doesn’t exist and aj + a| = = 1, 

(1 — aj) + (1 — aj) = Cj = 1. The cases that pj belongs to oy, <7 3 but not cr 2 , to <7 2 , a 3 but not 
a 1 are similar. We omit them. □ 

The stack AT(«4) is an abelian DM stack, i.e. the local groups are all abelian groups. For 
any 3-twisted sector AT(Al(cri 23 )), the normal bundle 1V(AT (. 4 .( 0123 ) )/AT (.4)) can be split into 
the direct sum of some line bundles under the group action. It follows from the definition 
that if v — J2 Pi ca 123 th en th e action of v on the normal bundle N(M.(A(<Ji 23 ))/M.(A)) 
is given by the diagonal matrix diag(a il 1 — af). A general result in [ CH ] and [ JKKj about 
the obstruction bundle and Lemma [5. 101 imply the following Proposition. 

Proposition 5.11. Let . M.(A)(y UV 2 ,v 3 ) = AT(A.(< 7123 )) be a 3-twisted sector of the stack 
AT(A.) such that vi,v 2 ,v 3 0. Then the Euler class of the obstruction bundle Ob^ vljV2jV3 - ) 
on AT («4.(o 123 )) is 

\~[ c l(Li)\M(A(a 123 )) ■ II c i(T)” 1 )|ai(A(ct 1 23)), 

2 cu=l. a],a?,a? exist 

1 ’ 3 ’ 3 ’ 3 

where L, is the line bundle over AT (A.) defined in Definition 15.11 □ 
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To prove the main theorem, we introduce two Lemmas. For any two pairs (ci, cri), ( 02 , cr 2 ) G 
N a p, there exist two unique elements fa, 7 i), fa ,t 2 ) G Box(A p) such that T\ C < 7 i,t 2 C cr 2 
and Ci = C] + ^fa. Ccri rn 1 b l , c 2 = u 2 + ^ p . C(T2 71*6*, where are nonnegative integers. Let 

fa, CT 3 ) be the unique element in Box(Ap) such that iq + u 2 + U 3 = 0 in the local group 
given by o\ U o 2 . Let = VA. r _. Q£®- 6 7 -, with 0 < a* < 1 and i = 1,2,3. The existence 
of facte-, fa means that pj belongs to cri, cr 2 , cr 3 . Let cq 2 3 be the cone in Ap such that 
v\ + v -2 + V 3 = J 2 Pi ca 12 3 w ^h a i — 1 °r 2. Let / be the set of i such that a t — 1 and 
fa, fa, fa exist, J the set of j such that pj belongs to cr 123 but not to < 73 . We have the following 
lemma for the ceiling functions: 


Lemma 5.12. fafa + fc 2 ] cr 2 - fa + c 2 ] CTlUCT2 = fain + fafa ~ fa + fa| nura • 


Proof. By the definition of ceiling functions, we have fafa = pc 1 ] T| + ^2 p . Cai and 
fafa = 1~ 7 ^ 2 ”!r 2 + Tlie Lemma follows. □ 

Lemma 5.13. If G\ U a 2 is a cone in Ap for the two pairs (ci, cri), (c 2 , a 2 ), then the product 
2 /(ci,o-i) . y(c 2 ,a 2 ) ^ n hl.l\) can be given by 

{ (_l)ld+IT^(c i +c2+Ei£j b i+Ei e j fe i> o 'iUo-2) ifvi,V‘ 27^0 andv\^v 2 , 

(_l)PI^( ci +c2+E ie j b i> cr iUo- 2 ) ifvi,v 2 7^ 0 andv 1 — v 2 , 

^(ci+c 2 ,o-iUo- 2 ) ifvi orv 2 = 0. 


Proof. First for a fixed ray pi and 0 < or, a 2 < 1 , by the definition of ceiling functions, we 
find that 


(5.4) 


EAE + l 11 * 1 ' U - \ 11 C + 'O'. I... 


0 if oq T ct 2 > 1 , 
bi if oti + a 2 < 1 . 


Since e(c 1 ; c 2 ) = fafa + fafa — fa + c 2 ] (7lU(T2 , by Lemma 15.121 we need to check that 


fain + falr 2 - fa T U 2 ] T 1 ur 2 


Xfaj h + Xfa j 

Xfa J hi 


if Ui, v 2 7 ^ 0 and Iq 7 ^ u 2 , 
if Ui, v 2 7 ^ 0 and V\ = v 2 , 
if v\ or v 2 = 0 . 


This can be easily proven using (15.4p and Lemma 15.101 □ 


5.3. Proof of Theorem 1.1. By Proposition 15.81 it remains to prove that the orbifold cup 
product is the same as the product in the ring Q[Afa By Lemma 15.131 we need to prove 
that the orbifold cup product is the same as the product in (15.31) . It suffices to consider the 
canonical generators y bi , tfa'L f or fa fa G Box(Ap). 

Consider fa’ 0 ! U or b y bi with fa fa G Box(Ap). The element fa cr) determines a twisted 
sector M.(A(cr)). The corresponding twisted sector to b, is the whole hypertoric stack M.(A). 
It is easy to see that the 3-twisted sector relevant to this product is M.(A)t v p iV -i) = JA(A(cr)), 
where v~ l denotes the inverse of v in the local group. It follows from the dimension formula 
in [CRlj that the obstruction bundle over JA(A)r v> i iV -i) has rank zero. It is immediate from 
dehnition that fa’ 0 ') \j orb y b i — y(y+bi,ou Pi ) q there j s a cone j n /fa containing tJ, 6 *. This is the 
third case in (15.31) . 


















22 


YUNFENG JIANG AND HSIAN-HUA TSENG 


Now consider y ( vi ’ a b U or b y( V2 ’ C72 \ where (ui, or), (u 2 , cx 2 ) G Box(Ay). By (15. ip . we see that 
if <y i U <j 2 is not a cone in A^, then there is no 3-twisted sector corresponding to the elements 
i’i,v 2 - Thus the product is zero by definition. On the other hand, by definition of the ring 
QfA^], we have y( Vl ’ ai '> ■ y^ v2 ’ <T2 '> = 0. So y( Vl ’ ai '> U OT .b y( V2 ’ rT2 '> = y ( vi ’ a d • y ( v2 ’ CT2 b If <j x u cr 2 is a 
cone in A^, let (v 3 , a 3 ) G Box( Ay) such that v 3 G cri 23 and v\v 2 v 3 = 1 in the local group. 
Then we have the 3-twisted sector _M(M(< 7 i 23 )). Let my : _M(M(< 7 i 23 )) —> M.(A(cri)) be the 
evaluation maps. The element y w ,cr ' is the class 1 in the cohomology of the twisted sector 
M.(A(a)). From the definition of orbifold cup product jCRlj . [ AGV J. we have: 

y {vuai) Uorb = {ev 3 Uev{y^ • ev*y^ • e(Ob {vi , V2>V3) )), 

where ev 3 = I o ev 3 : Al(M(cri 23 )) —> M.(A)(i, 3 ) is the composite of eu 3 and the natural 
involution 1 : Ai(A)(y 3 ) — > M.(A)(y 3 ). Let Vi = J2 PjC a, a )bj, with 0 < a* < 1 and i = 1,2,3. 
Let / denote the set of i such that a* = 1 and exist, J the set of j such that pi 

belongs to cr 123 , but not belong to cr 3 . 

If some Vi = 0, for example, V\ = 0, then v 3 is a torsion element in N which means 
that the action of V\ is trivial on the hypertoric DM stack. Then the 3-twisted sector 
corresponding to v 3 ,v 2 is isomorphic to the twisted sector -M(M(< 7 2 )) and the obstruction 
bundle over _M(M(ct 2 )) is zero by [CRlj . In this case the set / and J are all empty. So 
y (v ’ ai) U orby (v ' a2) = y^+ V2 ^ 2 \ This is again the third case in (15.31) . 

Now we assume that v±,v 2 7 ^ 0. If V\ = v 2 , then v 3 = 0, a 323 = cp and V\ + v 2 = Yl Pj ccn V 
So the 3-twisted sector corresponding to v\,v 2 is isomorphic to the twisted sector M.(A(ai)) 
and the obstruction bundle over M.(A(oi)) is zero by [CRlj . The set J is the set j such that 
Pj C or. So we have 

y^UorbV^ = y°-\{y hi 

ieJ ieJ 

— ( — 1)I J I . y( vl+V2+ T,ieJ b i’ (TlUcr2 ') ^ 

which is the second case in (15.31) . 

If V\ 7 ^ U 2 , then v 3 7 ^ 0 and the obstruction bundle over the 3-twisted sector -M(M(cr 123 )) 
is given by Proposition 15.111 So we have: 

y {vun) u orby M = y^ • n ^ 11 ^ U ^)' II(^)- 

CLi = 2 i£j 

Since v 3 + J2 ai =2 + Sie J ^ = D + v 2 > we have 

y {V1 ’ ai) u orb y {V2,(T2) = (-1) |/|+|J| • 1 U«) JJ ybi JJ y b i 

iei ieJ 

_ (_]_)ld+lh • y( vl+V2+ ^iei b i+T,ieJ b i’ (TlUa2 )^ 

which is the hrst case in (15.31) . □ 

6. Applications 

In this section we compute some examples of the orbifold Chow rings of hypertoric DM 
stacks. In particular, we relate the hypertoric stack to crepant resolutions. 
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Let N — Z and £ the fan of projective line P 1 generated by {(1), (—1)}- Let (3 : Z n — > N 
be the map given by b\ = (1), b 2 = (—1) and 6j = (1) for i > 2. Consider the following exact 
sequences 

0 —* Z n_1 —> Z n — N —> 0 —> 0, 

0 —> Z —> 7L n Z n_1 —> 0 —> 0, 

where the Gale dual /3 V is given by the column vectors of the matrix 



' 1 

1 

0 

0 

... O' 


1 

0 

-1 

0 

... 0 

A = 

1 

0 

0 

-1 

... 0 


_ 1 

0 

0 

0 

... _1 _ 


Note that A is unimodular in the sense of [HS] . Taking Homz(—, C x ) yields 

1 —> (C x ) n_1 (C x ) n —> C x —* 1. 

So G — (C x ) n_1 . Choose 9 = (1,1, • • • , 1) in Z n_1 , then it is a generic element. The extended 
stacky fan £ = (IV, £,/3) is induced from the stacky hyperplane arrangement A = ( N,/3,6 ), 
where 7 i is the hyperplane arrangement whose normal fan is £. It is easy to see that the toric 
DM stack is the projective line P 1 . The hypertoric DM stack is the crepant resolution of the 
Gorenstein orbifold [C 2 /Z n ], To see this, from the construction of hypertoric DM stack, we 
have: 

(6.1) 1 —> (C x ) n_1 (C x ) 2n —♦ (C x ) n+1 —> 1, 

where a L is given by the matrix [/3 V , —/3 V ]. Let C[^i, ...,z n ,w i, ...,w n ] be the coordinate ring 
of C 2n . So the ideal /gv in (12.91) is generated by the following equations: 

' ziwi + z 2 w 2 = 0 , 

ZiWi - z 3 w 3 = 0 , 


k Z\W\ - z n w n = 0 . 


Hence Y is the subvariety of C 2ri — V(lg) determined by the above ideal. The action of G on Y 
is through the map a L in (16.11) . The hypertoric DM stack associated to A is M.(A) = [Y/G\. 
From Proposition 13.31 the hypertoric DM stack is independent to the coorientations of the 
hyperplanes. This means that we can give the stacky hyperplane arrangement A as follows. 
Let bi — 1 for 1 < i < n. Then the Gale dual map /3 V : Z n ^ Z n_1 is given by the matrix 


A 


' 1-10 0 
0 1-10 
0 0 1-1 


0 ' 

0 

0 


0 0 0 1-1 


which is exactly the matrix in Lemma 10.2 in [ HSj , from which it follows that the coarse 
moduli space Y'(/3 V ,9) of M.(A) = [YjG] is the crepant resolution of the Gorenstein orbifold 
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[C 2 /Z n ], The core of the hypertoric DM stack A4(A) is a chain of n — 1 copies of P 1 with 
normal crossing divisors corresponding to the multi-fan A^. 

Remark 6.1. This is an example of [Krol . in which it is shown that the minimal resolution 
of a surface singularity of ADE type can be constructed as a hyperkahler quotient. 

The Z n -action defining the Gorenstein orbifold [C 2 /Z n ] is given by A (x,y) = (\x,\~ 1 y) 
for A G Z n . There are n — 1 twisted sectors each of which is isomorphic to BZ n with age 1. 
There are only dimension zero cohomology on the untwisted sector and twisted sectors. So 
we prove the following Proposition: 

Proposition 6.2. The orbifold Chow ring A* rfe ([C 2 /Z n ]) of [C 2 /Z n ] is isomorphic to the ring 

C[xi, • • • ,x n -i\ 

{xiXj : 1 < i, j < n — 1} 

Since the crepant resolution is a manifold, the orbifold Chow ring is the ordinary Chow 
ring. By Theorem 1.1, we have 

Proposition 6.3. The Chow ring of A4(.A) is isomorphic to the ring 

j Vn—l] 

{ViVj ■ 1 < i,j < n- 1}’ 

which is isomorphic to the orbifold cohomology ring of the Gorenstein orbifold [C 2 /Z n ]. 
PROOF. By Theorem 1.1, the Chow ring of A 4(A) is isomorphic to the ring: 

C[l/l, , Vn ] 

{yi - y n + 1/3 h-1- Vn-iTy-iy-j '■ 1 < b j < n - 1 } 

which we can easily check that this ring is isomorphic to the orbifold cohomology ring of 
[C 2 /Z n ] in Proposition [6721 □ 

Y. Ruan IE] conjectured that, among other things, the orbifold cohomology ring of a 
hyperkahler orbifold is isomorphic to the ordinary cohomology ring of a hyperkahler resolution 
(which is crepant). For the orbifold [C 2 /Z n ], the crepant resolution Y(/3 V ,9) is smooth, we 
have that A 4(A) = Y(/3 V ,6). From Proposition 16.31 the conjecture is true. 

A conjecture equating Gromov-Witten theories of an orbifold and its crepant resolutions, 
as proposed in [BCj . is recently proven in genus 0 for [C 2 /Z 3 ], see [ BGP j. The comparison 
of two Gromov-Witten theories requires certain change of variables. For [C 2 /Z 3 ] case, see 
[BGPj . For [C 2 /Z 4 ] case the following change of variables is found in |BJj : 

f Vi = l(V2 Xl + 2 ix 2 - V2x 3 ) , 

<y 2 = \ W%ix i - 2 ix 2 + V2ix 3 ), 

[ 2/3 = + 2 ix 2 + V2x 3 ) . 

Under this change of variables, the genus zero Gromov-Witten potential of the crepant resolu¬ 
tion is seen to coincide with the genus zero orbifold Gromov-Witten potential of the orbifold 
[C 2 /Z 4 ], see |BJ]. 

For a toric orbifold, it is known that adding rays in the simplicial fan can give a crepant 
resolution. In the end of the paper we compute an example and explain that adding rays 
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in the stacky hyperplane arrangement doesn’t give a smooth hypertoric variety which means 
that it is not easy in general to give a crepant resolution in hyperkahler geometry. 


Example 6.4. Let £ = (N, £,/?) be an extended stacky fan, where N = Z 2 , the simplicial 
fan £ is the fan of weighted projective plane P(l, 1, 2), and [3 : Z 3 —> N is given by the vectors 
{&i = (1,0), b 2 = (0,1), 6 3 = (-1,-2),}, where bi, b 2 ,b 3 are the generators of the rays in £. 
The generic element 6 = (1) 6 DG(f3 ) = Z determines the fan £. The stacky hyperplane 
arrangement A = ( N,/3,9 ) induces £. The hypertoric DM stack is Ml(A) = T*(P(1,1,2)). 
From Theorem 1.1, 


A* orb (M(A)) - 


_ Q[X1,X2,X 3 ,X 4 ] _ 

(;xi - x 3l x 2 - 2x 3 , x% xix 2 x 3 , x 4 x 2 , x 4 x\x 3 ) 




Q[ff3, ^ 4 ] 

(xl,xl,x 3 x 4 )' 


Let 64 = (0, —1) and consider the new map (3 1 : Z 4 —> N which is given by the vectors 
{61, b 2 , 63, 64}. Choose generic element 9' = ( 1 , 1 ) e Z 2 = DG{(3') and we get a new stacky hy¬ 
perplane arrangement A' = ( N,/3',9') which induces the extended stacky fan £' = (IV, £,/?'). 
The hypertoric DM stack JCl (A') is the stack corresponding to A!. From the definition of Box, 
(|&i + \b 3 , pi + p 3 ) is again a box element which determines a twisted sector. We compute 
that Al rb (Ml(A')) is isomorphic to 

_ Q[x 1 ,x 2 ,x 3 ,x 4 ,v] _^ _ Q[ar 3 ,g4,t>] _ 

(xi — X 3 , X 2 — 2 x 3 — X4, X 2 X 4 , X\X 2 X 3 , X\X 3 X 4 , V 2 , VX 2 , VX4) {x 3 X 4 + X 4, x\, x\x 4 , V 2 , VX 3 , VX4) 

We check that A* orb (M(A)) is not isomorphic to the ring A* orh (M(A!)). 


We give two comments here. First, if the crepant resolution conjecture is true, then Ml (A') 
is not a hyperkahler resolution. On the other hand, the map (3 is given by the matrix B = 


1 0 -1 

0 1-2 


and the map /3' given by B' 


10-10 

01 - 2-1 


It is easy to see that B' is 


not unimodular which means that Ml ( A') is not smooth, see |HSj . So adding columns in B 
can’t make it unimodular which means that adding rays in the stacky hyperplane arrangement 
can not give a hyperkahler resolution. Second, since Ml(A!) is still a hypertoric orbifold, we 
wish that Ml (A') is a partial resolution and there is a morphism Ai(A ) —> Ml(A). But this 
is impossible because the two rings have different dimensions and it would violate the McKay 
correspondence statement if there exists a morphism Ml (A ) —> Ml(A), see |Yalj . [Ya2] , 


Question : Is there a combinatorial description of a hyperkahler resolution of hypertoric 
orbifolds? 
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